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1 Introduction

The aim of the present paper is to give a proof of equivariant cohomological rigidity of GKM graphs [1].

We first recall some notations following [1]. Let G and G’ be two abstract GKM-graphs of type (», #) and (7,
n') respectively. We denote by H7(G) and H7(G") the corresponding graph equivariant cohomology of G and G’
respectively. There exists the notion of an isomorphism ¢ : G’ — G.

Our main theorem in this paper can be stated as follows:

Theorem 1.1. (Graph equivariant cohomological rigidity for GKM-graphs) H7(G) and H7(G") are isomorphic
as graded Z[x, . . ., x]-algebras if and only if G and G’ are isomorphic as GKM-graphs.

We will introduce the notion of a 1-ideal I, associated with two distinct vertices p, ¢ of G. The set of 1-ideals
gives an algebraic analogue of the 1-skeleton of a GKM-manifold and well-behaves under any isomorphism
HF(G) — HF(G) of graded Z[z1, . . ., x/]-algebras (see Corollary 6.2). The proof of Theorem 1.1 is reduced to

the classification of isomorphic types of 1-ideals.

Notation. Throughout this paper, we fix positive integers 7, #n, n' satisfying » < n, n'. We denoted by |S| the
number of elements in a finite set S. We regard the polynomial ring Z[x1, . . ., 2] as a graded ring with deg xi
= 2. The module Z[x1, . . ., x,]2 is defined to be the degree 2 component of the polynomial ring. In other words
Zlxy, ..., 2] = {aix1 + ~ + ax/a, ..., ar € Z}. For two polynomials P,Q € Z[xy, . .., x,], we write
P|Q if @ = RP for some R € Z[xy, . . ., x/].

We use the same notions and terminologies as in [1].

2 Equivariant Thom classes for fixed points

Following Guillemin-Zara [3], we introduce the notion of the equivariant Thom class corresponding to a vertex of

g.

Definition 2.1. For any p € )V, we define a map ©,: Y — Z[x1, ..., x,] by
[Tate) (g = p)
‘Cp(CI)i = ] e<g,
0 (g # D).

The map 7, is called the equivariant Thom class associated with p.

Note that equivariant Thom classes are clearly in H7(G).
Definition 2.2. Let A be a commutative ring and B be an A-algebra. Then an element by € B is said to be

maximal, if the sub A-module A bo generated by bo is maximal in the set {45|b € B} with respect to inclusion.

The following lemma is clear:
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Lemma 2.3. Any equivariant Thom class is a maximal element of the Z[x1, . . . , x-]-algebra H#(G).

Proposition 2.4. Assume that N-elements fi, . . . , fv of H#(G) satisfy the following three conditions:
(i) Each f: is maximal.

Gi) f# = Pif; for some P; € Z[xy, . . ., z.].

(i) fifi = 0 for all distinct ¢, J.
Then we have N < |Y|. The equality holds if and only if fi = eitsi for some &; € {+1} and p; € V.

Proof: The condition (ii) implies that any component of f; is 0 or Pi. In addition every f; has at least one non-zero
component by the condition (i). Moreover, by the condition (iii), there does not exist a vertex p such that fi(p) #
0 and fi(p) # 0 for some distinct 7, 5. Thus the pigeon hole principle implies the desired inequality. The rest

follows from the maximality of equivariant Thom classes (Lemma 2.3) and the condition (i). Ll
Corollary 2.5. We have |V| = |V'| if HF(G) and H7(G’) are isomorphic as Z[x, . . ., z,)-algebras.

Proof. By Proposition 2.4, we have
V| = sup [N eN ‘3 7, ..., fv satisfying (),Gi),(ii) in Proposition 2.4 ] .

This completes the proof since the right hand side is an invariant of Z[x1, . . ., x,]-algebras. ]

The following theorem plays a crucial role in the rest of this paper:

Theorem 2.6. For any graded Z[x1, . . ., x,]-algebra isomorphism ¢: H#(G) — HF(G"), there exists a unique
bijection @v: V' — V such that ¢(tp.)) = eptp for some ey € {1}

Proof. By Corollary 2.5 the set {¢(z,)}s<. attains the equality of the inequality in Proposition 2.4. L]

Corollary 2.7. We have n = »' if H7(G) and H7(G'") are isomorphic as graded Z[x1, . . ., x,]-algebras.
Proof. This immediately follows from Theorem 2.6.

3 O0- and 1-ideals

In this section we introduce the notion of 0- and 1-ideals in H7(G). We also explain our strategy for proving our

main theorem.

Definition 3.1. Let p, g be distinct vertices of G. We set

L:={fe€ Hf () = 0foral»r € Y\ {p}},
Lg:={f€ HF (G| = 0forall » € YV \ {p, ¢}}.

We call I, the O-ideal associated with p and /5, the 1-ideal associated with p, q.
Remark 3.2. 0- and 1-ideals are algebraic counterparts of 0- and 1-skeletons of GKM-manifolds, respectively.
Lemma 3.3. The 0-ideal I, is generated by the equivariant Thom class ;.

Lemma 3.4. If p and ¢ are not adjacent, the 1-ideal I», is generated by the equivariant Thom classes 7, 1, In

particular, I»; does not contain a non-zero homogeneous element whose degree is less than or equal to 2(z — 1).
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4 Structure of 1-ideals

In this section we reveal the structure of the 1-ideal Iy as a Z[x1, . . ., x,]-module.

Throughout this section, we fix adjacent vertices p, g of G. We then introduce the following polynomials:

P:= ] ale), M,: = ] ale),

€=E)\Ep €=y
Q:= [] ale), M, =] ale)
eEENEy, esg,,

(“M” stands for “Middle of p and g”).

Remark 4.1. () deg P = deg @ = 2n — deg M, = 2n — deg M,.
(ii) We have M, = &M, for some ¢ € {*+1}.

For any e € &;, we set
Cle): = [{e' € &,5le’ # e, ale) = —ale}

(“C” stands for “Change of sign”).
The following is a key lemma in this section. For its proof, the existence of a parallel transport on G is
essential:

Lemma 4.2. The polynomial P — (—1)““Q is divisible by a(e) for any ¢ € &,.

Proof. Let P be a parallel transport over G. By the condition (iii) in Definition 2.2, there exist integers {de,e'}, ce)
satisfying a(P.(e")) — ale") = d..ae) for any e’ < E,. Using this relation we have:

P II aeh = T[] aleh

e'cg,e' Fe e'cg e’ Fe

- H (0[(7)@(6/)) 7de,e’a(€)

e'cg e’ Fe

= JI (aPLe)) + (terms divisible by a(e))

e'cg e’ Fe

= [I ale’) + (terms divisible by a(e))

e''cy e #e

= @ II  ale’) + (terms divisible by a(e))

' e #E

=Q (—D JI ale) + (terms divisible by a(e)).

e'cg, e Fe

Thus

(P— (DY) JI ale)

e'c€,e' Fe

is divisible by a(e). Since a(e’) (¢’ € &€,,, ¢’ #* e) and ale) are coprime by the GKM-condition, the proof is now
complete. (]

Following Lemma 4.2 we set
E:={e € &lcle)isevent, O:= {e € &,lcle) is odd}.

Notice that €,, is the disjoint union of £ and O. Lemma 4.2 immediately implies the following:
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Corollary 4.3. The polynomials P — @ and P + @ are divisible by [ a(e) and ] a(e) respectively.
ecE e<0

Corollary 4.4. We have

E = {e € &,/P — Q is divisible by a(e)},
0 = {e € &,|P + @ is divisible by a(e)}.

Proof. In each case the inclusion C is obvious by Lemma 4.2. Thus, it is enough to show that the intersection of

the right hand sides is empty (note that £,, = E U O as noticed above). Assume that e € &,, is contained in

the intersection. Then both P — @ and P + @ are divisible by a(e). Thus 2P = (P + Q)+(P — @) is so. This

contradicts the GKM-condition. L]
Following Corollary 4.4, we set

Pr:=[[Eale), Po:= []<0ale).
ecE ec0

Remark 4.5. Since €,, = E U O, we have M, = PgPo.
Notice that the 1-ideal I, is canonically identified with

r={(b4)ezim,.... o

In the rest of this section, we use this identification to simplify notation.

A, B € Zlxy, ..., x), My|/(PA — QB) ] .

Lemma 4.6. There exists a bijection between the following sets:

S: = [(A,B)EZ[n,...,rr]Z

s:= |, B) € zim, ..., o

2 |[(PeA'+ PoB') ] .

Proof. We define two maps f: S — S" and g : S’ — S by the following formula:

_(A—B A+ B)
f(A, B) T ( PE y PO ’
! + ! — ! Jr !
g(A/,B/):(PEAZPOB, PEA2 pOB)
It is easy to see that f and g are well-defined and are inverse to each other. (]
By Lemma 4.6, to understand the structure of 7, it is enough to understand the set S’ of Lemma 4.6. Note that
if (A’, B') is in the set S’, then PrA'+PoB' is in (Pg, Po) N (2) where (R) is the ideal of Z[x1, . . ., x/]
generated by a subset R of Z[xy, . . ., x/]. Since Z[x1, . . ., x,] is a Noetherian ring, the ideal (Px, Po) N {2) is

finitely generated. To obtain a finite generator of (Pg, Po) N {2) explicitly, we introduce two polynomials Hz and
Ho as follows: we consider the natural ring homomorphism

Zlx, ...,z = @Z/)2D)[xy, . . ., x/]

induced by mod 2 reduction of coefficients. We denote by C the image of C € Z[xi, . . ., x,] under this
homomorphism. By the definition of primitive condition, we have Pr # 0 and Po # 0. Thus we can consider the
greatest common divisor ged(Pr, Po). We choose two polynomials Hr, Ho € Z[z, . . ., z/] so that

Pr = gcd(Ps, Po) - He, Po = gcd(Pz, Po) - Ho.

Although the pair (Hg, Ho) is not unique, the following lemma holds for any choice of (Hg, Ho):
Lemma 4.7. We have (Pr, Po) N {2) = {2Pg, 2P0, PctHo — PoHE).

Proof. This is straightforward. L]

The following is the main result in this section, which provides an explicit finite generator of the 1-ideal / as a
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Zlxi, . .., xr--module:
Theorem 4.8. As a Z[x1, . . ., x,-module, the 1-ideal 7 is generated by the following four homogeneous
elements:
PPEHO — PoHE
2 (PPE) (PPO) (0)
0 —PrHo — PoHe |’ \ —QPr)’ \QPo)’> \ QM) "
2

Proof. 1t is straightforward to check that the above four elements are certainly in the 1-ideal 1.

Let (g‘é) € I Then (A, B) is in the set S of Lemma 4.6. We set (4’, B"): = f(A, B) for simplicity. By

combining Lemma 4.6 and Lemma 4.7, we have
PrA'+ PoB'= FQPr) + F'(2Po) + G(PeHo — PoHE)
or equivalently,
Pi(A" — 2F — GHo) = Po(—B'+ 2F' — GHkg)

for some F, F',G € Z[xy, . .., x/]. Since Pr and Po are coprime, one can take a polynomial H € Z[xy, . . .,

x»] so that
A' — 2F — GHo = PoH.
Then we have
A'= 2F + GHo + PoH, B'= 2F'" — GHg — PrH.

Therefore, by Lemma 4.6 we have

4 _PeA’ -21- PoB’
= 1 (Ps@F + GHo + PolD + Po@@F' — GHz — PEH))
= g Peflo~ Polle o pp, 4 pipy,
5o —PEA'2+ PoB'
=1 (= Pe@F + GHo + PolD) + PoF' ~ GHy — PeI) )
— Gw + (_F)PE + F’PO . PEPOH
e w + (=F)Ps + F'Po — HM, (by Remark 4.5).
In conclusion we have
PrHo — PoHg , )
e p (g Petlo~ Polle o ppy 1 Fip,
PPEHO — PoHE
_ 2 PPk , ( PPo - 0
=G Q*PEHO*POHE +F(_QPE) tF (QPO) +( I_I)(QMI))'
2
The proof is now complete. U
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Following Theorem 4.8 we set

p PrHo — PoHg

|~ ) 2 ) e )

2

Remark 4.9. (i) The generator {X, Y, Z, W} is redundant in general. In addition, the generator is not a free
base even in the case that it is irredundant. This is because two equalities 2X = HoY — HeZ, 2W = —Po
Y + PzsZ hold.

(ii) Y and Z are linearly independent over Z[x1, . . ., /1.

(iii) We have

deg Y =deg P+ |E|, degZ =deg @ + |0, deg W= 2un

5 Classification of 1-ideals

In this section we consider isomorphisms of 1-ideals. Let G and G’ be GKMgraphs of type (7, n). We also fix p, g
€ Yand p’, ¢ € V'. We assume that both of vertex pairs (p, ¢) and (p', ¢') are adjacent pairs. We identify Iy,

= Tand Iy, = I' as in Section 4. We also assume that there exists an isomorphism ¢ : I — I'.

Remark 5.1. Note that the 1-ideal I does not have multiplicative unit. Thus I is a non-unital (but associative and
commutative) graded ring. When we speak of an isomorphism of l-ideals, we understand that it is a bijection
preserving the degree, the addition, the multiplication, and the Z[x1, . . ., x,]-action.
Remark 5.2. In Section 4 we have used the symbols

b, q, P, Q, My, Mg, Pg, Po, I, X, Y, Z, W,
and so on. The corresponding symbols for G’ are written by putting primes:

?',q,P,Q, My, Mg, P'e, P'o, I', X', Y', Z', W', . ...

Our main purpose in this section is to show that My = =M,. We first explain our strategy for proving the
equality.
In Theorem 4.8 a Z[x1, . . ., x,]-module generator of / is obtained. It is not difficult to write down the

structure constants with respect to multiplication of 7. However, there are ten relations in total (X%, Y2, Z2 W%
XY, .. and it is somewhat complicated to deal with all of these relations. In fact, thanks to the following easy

lemma, one may ignore most of these relations:
Corollary 5.3. The set 27: = {2f|f € I} is contained in the direct sum Z[z1, . .., 2, 1Y ® Z[zxy, . . ., x/]Z.
Proof. This immediately follows from Theorem 5.8 and the equalities in Remark 4.9 (). U]
Remark 5.4. In Corollary 5.3, the elements Y, Z are not in 21.

Notice that a homomorphism / — [I' induces a homomorphism 2/ — 27/'. In addition, the former is an
isomorphism if and only if the later is. By combining this fact and Corollary 5.3, it turns out that one may ignore
all relations containing at least one of X, W.

In conclusion, the following lemma completes all relations we need:

Lemma 5.5. We have the following three relations:
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() 2v* = PP — QY + PRS0 7
@22 = PP 5 8y + Pop + Q1.

3)2Y Z = Po(P + Q)Y + Pe(P — Q)Z.

Proof. Easily verified by the definition of ¥ and Z. ]
We next show that 7 and I’ have “the same size” (see Corollary 5.8 below for precise statement).

We begin by the following general lemma:

Lemma 5.6. Let R be a non-zero graded ring such that the map R — R, » — 27 is injective. Let M be a graded
R-module such that the map M — M, m — rm is injective for any » € R \ {0}.

Assume that two homogeneous elements #, v of M are linearly independent over R, and 2M: = {2m|m €
M} is contained in the direct sum Ru® Rv. Then the set {deg «, deg v} is independent of choice of u, v.

Proof. We take another ', v'. Without loss of generality, we may assume that deg « > deg v and deg «' = deg
v’. By assumption one can set 2u = au’ + bv', 2v = cu’ + dv' for some a, b, ¢, d € Zlxy, ..., x/].

We first show that deg v = deg v’. By symmetry, it is enough to show that deg v = deg v'. If d # 0, the
inequality is trivial since dv’ # 0. If d = 0, we have ¢ # 0 since 2v # 0 by assumption. Thus deg v = deg u' =
deg v’ as desired.

We next show that deg # = deg u'. By symmetry, it is enough to show that deg # > deg #'.

Assume that a = ¢ = 0. Then we have
2du — 2bv = dQu) — b(2v) = d(bv") — b(dv') = 0.

Since u# and v are linearly independent over R, we have 20 = 2d = 0. The assumption on R implies b = d =
0. This is a contradiction. Thus at least one of a, c is a non-zero element of R.
If a # 0, the desired inequality is trivial. If @ = 0, we have ¢ # 0. Thus we have

deg u > deg v’ = deg v = deg u'.

The proof is now complete. U

Corollary 5.7. We have
{deg Y, deg Z} = {deg Y, deg Z'}.

Proof. This follows from Corollary 5.3 and Lemma 5.6 ]

Corollary 5.8. We have
deg P = deg P’, deg M, = deg My ,{|E|, |O]} = {|E"], |O']}.
Proof. We have

2n + deg P = (deg P + deg M,) + deg P
= (deg P + deg Pr) + (deg P + deg Po) (Remark 4.5)

=deg Y + deg Z
=deg Y' + deg Z' (Corollary 5.7)
= 2n + deg P’ (by the same calculation).

Thus the equality deg P = deg P’ follows. Since
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deg My, = 2n — deg P = 2n — deg P' = deg My,

the second equality holds. Finally, the last equality follows from deg P = deg P’ and Corollary 5.7. ]
By Corollary 5.3, one can set

oY) = AY'+ BZ', ¢(2Z) = CY'+ DZ'

for some A, B, C, D € Zlxy, ..., x/].
Lemma 5.9. The polynomial AD — BC is a non-zero integer.

Proof. By Corollary 5.3, one can set

0 'QY) =AY+ BZ ¢ '22)=CY+DZ

for some A', B', C', D' € Z[x1, ..., x/]. Then we easily see that
[A/B’} [AB} _ [40]
C'D CcD 04
By taking the determinant of both sides, we obtain the lemma. (]

Now we calculate ¢(8Y?) in the following two ways:
First, by Lemma 5.5 (1) we have

»B8Y?H = 4p2Y?

= 4@((P — @PgY + P}%P%OQZ)

— 2P — QPro@2Y) + 2P} % 0(22)

= 2P — QPHAY'+ BZ) + ZP%P%OQ Y+ D2,
On the other hand, we also have

0(8Y?) = 2(p(2Y))*
= 2(AY'+ BZ')?
= A*2(Y")) + 2ABQY'Z) + BX2(Z)%)
P+

= A2< (P — Q)PeY'+ Pk TQZ’)
o

+ 24B((P'+ QIPoY'+ (P — Q)PrZ')
+ B Ph PP;Q Y+ (P4 QIPoZ' .
=

Recall that Y and Z' are linearly independent over Z[x1, . . ., x,]. Thus, by comparing the coefficients we have
two equalities on polynomials appearing above. Similarly Lemma 5.5 (2),(3) yield yet another four relations. Thus
we obtain six relations in total. The results are the following:

(RD 2P (AMUP — Q) + CPHP + @

= Po APk (P — Q) + 24BM, (P' + Q) + B'Py (P — Q)
(R2) 2P0 ( BMy(P ~ Q) + DPHP + Q) |

= Po[ APk (P + Q) + 2ABM, (P' — Q) + B'Py (P + Q)|
(R3) 2P ( APHP — Q) + CMyP + @

= pE( C*P% (P' — Q) + 2CDMy (P' + Q") + D*Py (P — Q’))
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(R4 2P0 ( BPYP ~ Q) + DMy(P + Q) |

= Po( CPE(P + @) + 2CDMy(P' — Q) + D'PH(P' + Q)
R5) 2Px (APAP + Q) + CPUP — Q)

= ACPE(P' — Q)+(AD + BOMy(P' + Q)+BDPy(P' — Q)
(R6) 2P0 ( BPo(P + Q) + DPs(P ~ Q) )

= ACP:(P' + Q)+(AD + BOMy(P' — Q)+BDPH(P' + Q).

Lemma 5.10. (1) 2APg and 2BPo are both divisible by Pk.
(2) 2CPg and 2DPo are both divisible by Po.

Proof. Note that by Corollary 4.4 and Remark 4.5 both of the left hand sides of (R 1) and (R 2) are divisible by P}.
Thus

(RHS of (R1)) + (RHS of (R2)) = Po(2A*P'P% + 4ABP'My + 2B*P'P%)
= 2PoP'(APr + BPo)’

is also divisible by Pz We claim that APp + BPo is divisible by Pr. In the case that Pz = 1, the claim is
trivial. The claim is also true in the case that Pz # 1 because Pr and Po are coprime and P’ is square free.

Since

(RHS of (R1) — (RHS of (R2)) = Po(—2A*Q'P% + 4ABQ'My — 2B*Q'P%)
= —2P0Q(APr — BPo)?,

the same argument shows that APx — BPo is also divisible by Pr. Now the equalities
2APr = (APe + BPo) + (APe — BPo)
and
2BPo = (APgp + BPo) — (APg — BPo)
complete the proof of (1). The same argument using (R 3),(R 4) proves (2). (]
We finally prove the equality My = *=M,.

Theorem 5.11. My = M, for some ep € {£1}.

Proof. By Corollary 5.8 we can divide the proof of Theorem 5.11 into the following two cases:

E| = |E'| and |O| = |0']
El = |0’ and |O| = |E'|.

We first consider Case 1. In this case we have deg Y = deg V', deg Z = deg 7.
Thus both A and D are integers by degree reason. By combining this fact and Lemma 5.9, one finds that BC is

also an integer. Therefore we can divide Case 1 into the following two cases:

Case 1-1] BC = 0.

Both of B and C are non-zero integers.

We first deal a part of Case 1-1, that is, the case that B = 0. In this case we have 2 ¢(Y) = AY’. Since the
components of Y’ are not divisible by 2, the integer A must be divisible by 2. Then the equality ¥ = (A/2)¢p !
(Y") implies A = 2 or —2 since the components of Y are not divisible by 2. We set A = 2¢ with ¢ € {£1}.
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Then we have ¢(Y) = &Y. Since A is a non-zero integer,
Lemma 5.10 (1) implies that Pr is divisible by Pr. By this divisibility, the equality |E| = |E’|, and the primitivity
of Pr and Pr, we have Pe = nPg for some n € {£1}.

We next prove Por = *+Po. By evaluating A = 2¢, B = 0 and Pr = 1Pk at the relations (R 1):(R6), we
have

(R1) 2ePo(P — Q) + CPs(P + Q) = 2nPo(P' — Q")
(R2) DPo (P + @) = 2Po(P" + Q")
(R3) 27 (2e(P — QP+ CM,P + Q))

— CPUP — Q) + 2CDMy(P' + Q) + D*PH(P — Q)
(R4) 2DPoPo (P + Q) = C*PXP' + Q) +2CDMy (P'— Q) +D*P% (P' + Q)
(R5) 2ePo(P + @) + CPs(P — Q) = enCPs(P' — Q) + eDPo (P’ + Q')
(R6) DPo (P — Q) = eCPs(P' + Q) + enDPo (P' — Q")

If P+ @ = 0, (R2) implies that P’ + @' = 0. Thus, by (R6) we have P — @ = en(P'—@Q’) (notice that
D + 0 since AD = AD—BC +# 0). These three equalities deduce that P = enP’, @ = en@Q'. By evaluating
these equalities at (R4)", we have 2(P'— Q" )My CD = 0. Therefore C = 0 since P'— Q' # 0, D # 0 as noticed
above. Then (R3)’ becomes 4 enP3(P — @) = D*PH(P' — Q). From this equality, one easily deduces that D

= +2 Po = £Po. ( )
.. . ~2Po(P' + @' . . ,
If P+ @ #+ 0, (R2) implies that D =P P+ Q) By evaluating this at (R 6)’, we have

2Po(P — Q) = eCPe(P + Q) + 2enPo(P’ — Q).

From this equality and (R 1)’ we immediately have C = 0. Then, (R4)’ becomes (P + Q)* = (P’ + Q')* and
thus P + @ = o(P' + Q') for some o € {£1}. Therefore, by (R2)’ we have cDPo = 2Po. This implies that D
= +2, Po = Po.

The proof in the case that B = 0 is now complete.

In the case that C = 0, we have ¢(22) = DZ' and deg Z = deg Z'. The same argument using (R 1)-(R 6)
shows that B = 0. Thus the proof is reduced to the previous case. The proof in Case 1-1 is now complete.

We next consider Case 1-2. We first show that AD = 0 by contradiction. Assume that AD # 0. Then all of A,
B, C, D are non-zero integers. In particular, Lemma 5.10 shows that both Pr and Po are divisible by PzPo. This
contradicts the GKM-condition because at least one of Pr and Po is of degree = 2. Thus we have AD = 0 as
desired.

If A = 0, we have ¢(2Y) = BZ', deg Y = deg Z'. An argument similar to Case 1-1 shows that B = 2¢ for
some ¢ € {£1}. By Lemma 5.10 (1) Po is divisible by Pz. On the other hand we have |E| = |O'| because

deg P+ |E| =deg Y =degZ =deg @ + |0'| = deg P + |0/].

Thus we have Po = 0Pk for some n € {+1}. Now, relations (R 1)-(R 6) show that C = +2, Pr = +Po.

If D = 0, we have ¢p(22) = CY’, deg Z = deg Y’. By an argument similar to the case that A = 0, we have
|O| = |E’|. Thus we obtain Pe = nPo for some n € {+1}. Now relations (R 1)-(R 6) shows that A = 0. Thus
the proof is reduced to the previous case.

The proof in Case 1 is now complete.

The proof in Case 1 also works in Case 2. This completes the proof of Theorem 6.10. (]

6 Proof of main theorem

In this last section we prove our main theorem in this paper. Let G and G’ be GKM-graphs of type (7, ») and (7,
n') respectively. We fix a graded Z[x1, . . . , x,]-algebra isomorphism ¢: H7(G) — H7(G"). Note that we have #
= n’ by Corollary 2.7.

By Theorem 2.6, there exists a unique bijection gv: V' — V satisfying
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O(Toup)) = ep Ty

for some &y € {£1}.
Lemma 6.1. ¢u(p’) and ¢v(g’) are adjacent if and only if " and ¢’ are so.

Proof. We set p: = ou(p"), q: = @v(q') for simplicity. By symmetry, it is enough to show that if p and g are
adjacent, then p’ and ¢’ are so.

We use the notation of Section 5. By the definition of Y and Z, we have
PoY + PeZ = 21, PoY — PeZ = 2ety
for some ¢ € {£1}. Thus we have
PoY =t + etq, PrZ = tp — etq.
These equalities and Theorem 2.6 imply that
Pop(Y) = eptp + ceqta, Pro(Z) = epty — ecq'tq.

In particular both ¢(Y) and ¢(Z) are in I,,. Since at least one of deg Y and deg Z is less than 2%, Lemma 3.4
shows that p’ and ¢’ are adjacent. ]

Corollary 6.2. We have ¢o(Ipuip)ouan) = Ipq for all p’, q' € V.

Proof. We use the notation of Lemma 6.1. If p and g are not adjacent, the equality is trivial by Lemma 3.4 and
Lemma 6.1. Therefore, we may assume that p and ¢ are adjacent. In this case, we already proved in the proof of
Lemma 6.1 that both ¢(Y) and ¢(2) are in I,. Then, Remark 4.9 (i) and Theorem 4.8 imply that ¢(l;q) C Ipq.
By symmetry we also have ¢ '(Iyq¢) C Iq. The proof is now complete. L]

We are now in the position to prove Theorem 1.1 :

Proof of Theorem 1.1. The “if” part is clear. To show the “only if’ part, take an isomorphism ¢ : H7(G) — Hf
(@) of graded Z[x1, . . ., x,]-algebras. By Theorem 2.6, there exists a bijection gv: V' — VY so that ¢(teup)) =
ep Ty for some gp € {1},

Assume that p’ and ¢’ are adjacent. By Corollary 6.2 we have an isomorphism @|Zpueua) : Lovpronar— Ipq.
Therefore, Theorem 5.11 shows that My = o» My for some op € {£1}.

The proof of Theorem 1.1 is now complete. Ll
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YAMANAKA Hitoshi

Franz and the author previously proved equivariant cohoomological rigidity for abstract GKM graphs. The
present paper gives the author’s original proof based on the notion of a 1-ideal.
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